We review the concept of the (anomalous) Poisson-Lie symmetry in a way that emphasises the notion of Poisson-Lie Hamiltonian. The language that we develop turns out to be very useful for several applications: we prove that the left and the right actions of a group G on its twisted Heisenberg double (D, κ) realize the (anomalous) Poisson-Lie symmetries and we explain in a very transparent way the concept of the Poisson-Lie subsymmetry and that of Poisson-Lie symplectic reduction. Under some additional conditions, we construct also a non-anomalous moment map corresponding to a sort of quasiadjoint action of G on (D, κ). The absence of the anomaly of this "quasi-adjoint" moment map permits to perform the gauging of deformed WZW models.
Introduction
Poisson-Lie symmetry [15] is the generalization of the ordinary Hamiltonian symmetry of a dynamical system and, upon quantizing, it becomes the quantum group symmetry. Many dynamical systems can be deformed in such a way that their ordinary symmetries become Poisson-Lie. Among such systems there is also the standard WZW model [17] where the loop group symmetry gets deformed [9] . It was conjectured in [9] , that the principal geometric structure underlying the deformed WZW model is the so called twisted Heisenberg double. We announced in [11] that, indeed, the conjecture is true, however, we could not say the full story in [11] due to the limited size of contributions to the conference proceedings. We shall fill this gap in the Section 2 of the present paper by presenting the proofs of lemmas that have been only stated but not demonstrated in [11] .
Starting from the Section 3, we expose essentially new material. We shall work with a general twisted Heisenberg double and address the issue what are possible non-anomalous Poisson-Lie symmetries of a given double. We shall see that the answer depends on the properties of the twisting automorphism κ of the double as well as on the fact whether the double is globally decomposable or not. In particular, we shall introduce a non-anomalous "quasi-adjoint" action of the group G on its double (D, κ) and identify what are the suitable sub-quasi-adjoint actions. In Section 4, we shall show that every non-anomalous Poisson-Lie symmetry can serve as the basis for an appropriate symplectic reduction and we shall argue that the reduction of the non-anomalous sub-quasi-adjoint actions can be interpreted as the vector gauging of the deformed WZW models. As an illustration of the developed general theory, we construct a new deformation of the standard WZW model (which we call the u-deformation) and work out in detail its deformed gauging. We finish with short conclusions and an outlook.
Twisted Heisenberg double
The presentation of this Section extends that of [11] . In particular, we give full proofs of the statements listed in [11] , and, moreover, we are more general concerning the properties of the twist κ of a double D.
Lie groups in a dual language
Let B be a Lie group and F un(B) the algebra of functions on it. It is well known that the group structure on B gives rise to a so called coproduct ∆ : F un(B) → F un(B) ⊗ F un(B), the antipode S : F un(B) → F un(B) and the counit ε : F un(B) → R given, respectively, by the formulae
Here b, b 1 , b 2 ∈ B, e B is the unit element of B and we use the Sweedler notation for the coproduct:
The Lie algebra B of B is defined as the set of ε-derivations of F un(B), i.e. B = {δ : F un(B) → R, δ(f g) = ε(f )δ(g) + ε(g)δ(f )}.
The Lie bracket on B is defined as follows:
This definition of the Lie algebra B is of course equivalent to a more standard one presenting B as the set of right-invariant vector fields. In order to connect two definitions, consider a map φ B : F un(B) → Ω 1 (B) (the map φ B thus goes from functions into 1-forms on B) defined by
Note that the 1-form φ B f is automatically right-invariant therefore the canonical pairing of a right-invariant vector field v with φ B f defines a map δ v : F un(B) → R:
The map δ v is indeed the ε-derivation due to the following property of the map φ B : φ It is not difficult to prove that the property (1) implies S({x, y} B ) = −{S(x), S(y)} B , x, y ∈ F un(B) (2a)
ε({x, y} B ) = 0, x, y ∈ F un(B).
Poisson-Lie symmetry
Definition 1: Let M be a differentiable manifold whose algebra of smooth functions F un(M) is equipped with a Poisson bracket {., .}. Let B a Poisson-Lie group and let µ : M → B be a smooth surjective map. To every function y ∈ F un(B) we can associate a vector field w µ (y) ∈ V ect(M) as follows:
w µ (y)f = {f, µ * (y ′ )}µ * (S(y ′′ )), y ∈ F un(B), f ∈ F un(M).
We say that µ realizes the Poisson-Lie symmetry of the Poisson manifold M if the map w is the homomorphism of the Lie algebras F un(B) and V ect(M).
Explanations:
If µ realizes the Poisson-Lie symmetry of M, the image Im(w µ ) of the map w µ is a Lie algebra that will be denoted as G. If the action of the Lie algebra G on M can be lifted to the action of a connected Lie group G (such that Lie(G) = G) we speak about global Poisson-Lie symmetry. G will be then referred to as the symmetry group of (M, µ) and B as the cosymmetry group. Note that G acts on M and B underlies the way how this action is expressed via the Poisson brackets. If the manifold M is symplectic and if there is distinguished (evolution) vector field v ∈ V ect(M) leaving invariant Im(µ * ), we say that the dynamical system (M, {., .}, v) is (G, B)-Poisson-Lie symmetric (cf. [11] ). We also note that y ∈ F un(B) can be interpreted as a non-Abelian (or Poisson-Lie) Hamiltonian of the vector field w µ (y). The fact that w µ is homomorphism just implies a nice formula [w µ (x), w µ (y)] = w µ ({x, y} B ). If the group B is Abelian then ∆(x) = 1 ⊗ x + x ⊗ 1 and (3) is of D and suppose that there are respective basis T i and t i (i = 1, ..., n) of G = Lie(G) and B = Lie(B) such that
Then the (basis independent) expression
is a Poisson bracket.
The lemma was proved by Semenov-Tian-Shansky in [16] and here we shall only outline the proof without going into details. are defined as
where
Outline of proof: Consider a (basis independent) element c ∈ D ⊗ D given by
It is easy to see that the Ad-invariance and κ-invariance of the bilinear form (., .) D implies the Ad-invariance and κ-invariance of c. Thus the bracket (6) can be rewritten as
Note that in this bracket appear two elements of D ∧ D given by b) The map Λ L realizes the global Poisson-Lie symmetry of the symplectic manifold (D, {., .} D ), the corresponding symmetry group is G acting as
c) The map Λ R also realizes the global Poisson-Lie symmetry of the symplectic manifold (D, {., .} D ), the corresponding symmetry group is again G acting as
Explanations: Global unambigous decomposition D = κ(B)G means that for every element
Proof of a): Consider a point K ∈ D and four linear subspaces of the tangent space
. (The symbols L K * and R K * stand for left and right transport on the group D, respectively). The existence of the global decompositions
respectively. This fact makes possible to introduce a projector Π LR onS R with a kernel S L and a projector ΠL R on S R with a kernelS L . At every point K ∈ D we can therefore define a following 2-form ω
where t, u are arbitrary vectors in T K D and (., .) D is the bi-invariant metric at the point K (it is related by the left or right transport of the Ad-invariant bilinear form (., .) D defined at the unit element E ∈ D). Let us show that ω is the symplectic form corresponding to the Poisson structure {., .} D . First of all we remark that the Poisson bivector (=contravariant antisymmetric tensor) corresponding to the Poisson bracket {.,
Introduce two more projectors Π RR , ΠL L , where the first subscript stands for the kernel and the second for the image. Then we conclude
# Proof of b) and c) Consider a bracket {., .} B on the cosymmetry group B given by
It was shown in Proposition 4.5. of [9] that {., .} B is the Poisson-Lie bracket on B. We shall prove that
where the constant antisymmetric matrix M ij κ is given by
We note that the non-degeneracy of (., .) D and also the global decomposabilities D = κ(B)G = κ(G)B guarantee that both matrices P κ and P κ −1 are invertible.
In order to calculate the bracket {Λ *
we use the defining formula (6). We first realize that
and then we write
We note that
This identity permits to rewrite the r.h.s. of (15) as the sum of two terms
and
The element τ k ∈ B is defined by the D = κ(B)G decomposition
From this it is easy to find that
where the matrix M κ was introduced in (13) . Putting all together, we arrive at
which is nothing but (12a). The identity (12b) can be proved in a similar way. We note also that our notation has distinguished the invariant derivatives on F un(D) and on F un(B) (the derivatives on F un(B) where denoted as B ∇ R,L ). We shall not make this distinction in what follows and we let the reader to understand from the context on which space ∇ R,L act.
In case where the twisting automorphism is trivial (i.e. κ is identity), the anomaly matrices M κ , M 
We calculate
Now we use the formula (12a) and the Poisson-Lie property (1) of the bracket
The last line of this expression vanishes due to following identities
and (using (6))
Now we use the Poisson-Lie properties (1), (2) to arrive at
According to the Definition 1, the map Λ L thus realizes the Poisson-Lie symmetry of D.
Much in the same way, we obtain also
Having established that both maps w Λ L , w Λ R : F un(B) → V ect(D) are Lie algebra homomorphisms (i.e. that both Λ L , Λ R : D → B realize Poisson-Lie symmetries), it remains to find what are the corresponding symmetry groups. We use (6) and (0) to obtain
(16a) We remind that δ t i is the ε-derivative (cf. Sec. 2.1) hence δ t i (y) is a real number for every i. It therefore follows that Im(w Λ L ) = κ(G) and we have proved (7a). Similarly, we obtain
which proves (7b). #
Non-anomalous moment maps
Non-anomalous Poisson-Lie symmetries play very important role in the symplectic geometry since they permit to perform the so called symplectic reduction (or "gauging" in the terminology of physicists). However, given a decomposable twisted Heisenberg double (D, κ), the basic moment maps Λ L , Λ R are generically anomalous and cannot be gauged. Indeed, the anomaly matrices M ij κ , M ij κ −1 vanish only in the case where the twisting automorphism κ preserves the symmetry group G (cf. (13) ). In this section, we shall look for other moment maps (distinct from Λ L , Λ R ) which would allow us to gauge (D, κ). It turns out, that the existence of the non-anomalous Poisson-Lie moment maps associated to the twisted Heisenberg double heavily depend on the details of the structure of (D, κ). In the three following subsections, we shall discuss three interesting cases, where the non-anomalous moment maps can be constructed. We shall keep the exposition of the two first cases (a quasi-adjoint action and a proper subsymmetry) in an abstract level since the concrete examples will be discussed in the subsequent Section 4. However, we shall illustrate the third case (an improper subsymmetry) already in this Section 3, since later we shall not touch it anymore.
Quasi-adjoint action
In this subsection, we shall consider the decomposable twisted Heisenberg doubles for which the twisting automorphism κ preserves the cosymmetry group B. Thus consider the anomalous moment maps Λ L , Λ R and construct two new maps B L : D → B and B R : D → B as follows
We have the following lemma
Theorem 2
The maps B L and B R realize the non-anomalous Poisson-Lie symmetries of (D, κ). Proof: Consider two functions x, y ∈ F un(B). We know already that it holds
where the Poisson-Lie bracket {., .} B and matrices M κ , M κ −1 were defined in (11) and in (13), respectively. Introduce maps Γ L :
First we remark that
Thus, using the fundamental definition (6), we obtain
We note that b ∈ B in this formula denotes the argument of functions in F un(B). Similarly, we can prove that
Similarly, we obtain
The reader may be surprised by the presence of the anomaly matrices M κ , M κ −1 in the resulting formulas (18a) and (18b). Didn't we promise that the moment maps B L , B R realize non-anomalous Poisson-Lie symmetries? Well the point is the following: If the twisting automorphism κ preserves the cosymmetry group B then there are three natural Poisson-Lie brackets on F un(B). The first one is evident; it is given by the formula (11) of Section 2.3:
The second and the third bracket are defined by
{x, y}
It is easy to understand why the brackets (19a) and (19b) verify the Jacobi identity and the Poisson-Lie property (1) . It is because they appear on the same footing as the original bracket (11) . Indeed, the double D is not only the double of the pair of groups G and B, but it is also the double of the pair κ(G) and κ(B) = B and of the pair κ −1 (G) and κ −1 (B) = B. Each of the three pairs generate the respective basis
, all three basis sharing the crucial duality property (5).
The brackets (19a) and (19b) can be worked out in the basis t i instead of κ(t i ) or κ −1 (t i ). We use obvious identities
and we find
This permits us to rewrite (18a) and (18b) as
We thus conclude that the moment maps B L and B R are indeed nonanomalous with respect to the Poisson-Lie brackets (19a) and (19b). # Every Poisson-Lie moment map µ generates the action of the Lie algebra G and, in good cases, this G-action can be lifted to the action of the symmetry group G. Let us now show that the moment maps B L , B R are those "good" cases yielding the global non-anomalous Poisson-Lie symmetries. The following exposition uses some standard conventions concerning the Hopf algebra calculations (see [8] ), namely, the repeated application of the coproduct is written as
The reader has certainly noticed that this is the generalization of the Sweedler notation introduced in Section 2.1.
Consider first a set of functions x i ∈ F un(B) which is dual to the basis t i of G = Lie(G), i.e. it holds δ t j (x j ) = δ i j , where δ t j are the ε-derivatives. We denote by κ(x i ) the functions on B of the form
We are going to make explicit the basic map
for the argument of the functions from F un(D).
The Lie algebra G-actions can be lifted to the group G-actions. The corresponding formulae can be written in a compact form by using the maps defined by the global decompositions
) is then respectively lifted to the G-actions as follows
It is easy to verify that, in both cases, it holds:
In particular, when the cosymmetry group B is Abelian, the G-actions induced by the moment maps B L and B R coincide and give nothing but the twisted adjoint action of G on
. This fact, that will be proved in Section 4, justifies our terminology "quasiadjoint" action for the case of non-Abelian cosymmetry groups.
Proper subsymmetry
In the case of the standard Hamiltonian symmetry, every subgroup H of the symmetry group G also realizes the Hamiltonian symmetry. In the general Poisson-Lie context (anomalous or not), such statement is generically false. A natural question then arises: which subgroups of G are themselves PoissonLie symmetry groups? We are going to answer this question and we also determine the corresponding moment maps.
Let G, B be the maximally isotropic subgroups of a decomposable twisted Heisenberg double D (cf. Theorem 1) and consider the moment map Λ R : D → B realizing the (G, B)-Poisson-Lie symmetry of D (i.e. the symmetry group acting on D is G and the cosymmetry group is B). Suppose that there is a normal subgroup N of B and denote the corresponding factor group B/N as C. The dual ρ * of the natural homomorphism ρ : B → C then injects F un(C) into F un(B). It is not difficult to see that ρ * (F un(C)) is the Hopf subalgebra of F un(B). This means that for every x, y ∈ ρ * (F un(C)) the product xy is in ρ * (F un(C)) and S(x) as well as the components x ′ , x ′′ of the coproduct ∆x = x ′ ⊗x ′′ are also in ρ * (F un(C)). The following proposition holds: 
and calculate
Here we have used the obvious fact that
This fact also directly implies, that H is the subgroup of G. # Remark: It is interesting to notice how the Lie algebra H of H is placed in the Lie algebra D of the double D. To see this, choose a vector subspace V ⊂ B that is complement to Lie(N) ≡ N (i.e. B = N . + V ). We can certainly pick a basis t i = (t ι , t I ) such that t ι ∈ N and t I ∈ V and complete (t ι , t I ) by the dual basis (T ι , T I ) of G. From the duality property (5), it follows that T ι 's span V ⊥ and T I 's span N ⊥ (the superscript ⊥ means "perpendicular " in the sense of the bilinear form (., .) D .) We recall the formula (16b)
If y is in ρ * (F un(C)), then δ tι (y) = 0 and we thus obtain
This means that H is spanned by T I 's only, or, in other words, H = N ⊥ .
An anomalous Poisson-Lie symmetry may have non-anomalous subsymmetry as the following proposition implies:
Lemma 4 Denote by P κ : D → B a projector on B with kernel κ(G). If P κ H ⊂ N then the (H, C)-Poisson-Lie subsymmetry is non-anomalous.
Proof: If the twisting automorphism κ preserves the cosymmetry group B then the anomaly matrix M ij κ −1 (cf. (13)) can be rewritten as
Now we pick u, v ∈ F un(C) and, by using (12b) and (21), we calculate
The transition from the second to the third line is justified by the fact that
# We have worked out the subsymmetry story for the right moment map Λ R . Obviously, there is an analogous "left story" for which the conclusions are the same: a subgroup H ⊂ G acting from the left (in the κ-twisted way) is the subsymmetry subgroup if H = N ⊥ where N is the ideal in the cosymmetry Lie algebra B. If, moreover, P κ H ⊂ N then the H-subsymmetry is nonanomalous. We should also remark, that from two conditions [B, N ] ⊂ N and P κ H ⊂ N only the second one is our original result. The first one was already identified in [15, 3] for the non-twisted Heisenberg doubles.
Improper subsymmetry
In this subsection, we partially release the condition of the decomposability of twisted Heisenberg doubles in the sense that we shall keep the unicity of the decomposition but not the globality. Thus denote O L the set of elements K ∈ D for which it exists a g ∈ G and a b ∈ B such that K = κ(b)g −1 . In the same way, denote by O R the set of elements K ∈ D for which it exists ag ∈ G and ab ∈ B such that K = κ(g)b −1 . Suppose, moreover, that the respective decompositions κ(B)G and κ(G)B on O L and O R are unique.
In the non-twisted case κ = Id, it was shown in [1] that the lack of global decomposability has unpleasant consequences. Namely, the fundamental Semenov-Tian-Shansky Poisson structure (6) 
is symplectic and its inverse is the fundamental Poisson bivector (9) restricted to M.
Proof: Choose a basis t i of B and T i of G fulfilling the duality relation
The form ω M can be then rewritten as
Denote by < ., . > the pairing between forms and vectors and recall the definition of the projectors Π LR , ΠL R , Π RL , ΠR L from the proof of the Theorem 1. Then we have
where t is a vector at a point K of M ⊂ D. Let us show how to demonstrate (23abcd) on the example (23a). Due to the decomposability M = κ(B)G, the vectors L K * T i , R K * κ(t i ) form the basis of the tangent space T K M. Thus it is sufficient to prove (23a) for t being one of the elements of the basis of
it is obvious that the r.h.s. of (23a) vanishes. On the other hand, knowing that Λ L (Ke sT j ) = Λ L (K), we can evaluate the l.h.s.:
For t = R K * κ(t j ), the r.h.s. of (23a) gives
On the other hand, knowing that Λ L (e sκ(t j ) K) = e st j Λ L (K), we can evaluate the l.h.s.:
. By using the relations (23abcd), we can evaluate the form ω M on any two vectors t, u ∈ T K M in terms of the projectors:
By realizing that it holds
we finally arrive at
From the equation (10), we know that the form ω M is invertible and its inverse is nothing but the Semenov-Tian-Shansky Poisson tensor (9) restricted to M. From this it also follows that ω M is closed hence symplectic. # It is certainly a good news to have the symplectic submanifold M of D, since it allows us to construct dynamical systems also for globally nondecomposable twisted Heisenberg doubles. On the other hand, it is a much less good news to remark that nothing guarantees that the group G still acts on Proof: For concreteness, we speak about the right action of G on D. Sitting on M, we construct the map w Λ R : F un(B) → V ect(M) by using the formula (3):
For every y ∈ F un(B), we have obviously
Since the Poisson bivector on M is given by Eq.(9), we thus obtain
It follows that the Lie algebra G of G does act M, however, because we have supposed it, this action cannot be lifted to the action of G itself. Similarly as in the demonstration of Lemma 3, we thus observe that for ν R ≡ ρ • Λ R the following is true
Recall that T I 's span the Lie algebra H = N ⊥ therefore ν R is indeed the moment map realizing the action of H on M. This action can be obviously lifted to the action of the group H on M, since we have supposed that M is H-invariant. #
Remark:
In the case of the non-decomposable Heisenberg doubles of the type just described we cannot speak about the proper subsymmetry since G does not act on M, therefore we speak about the improper subsymmetry.
Now it is time for an example. Consider a group SL(3, R) (consisting of real 3 × 3-matrices of unit determinant) and denote by sl(3, R) its Lie algebra (consisting of real traceless 3×3-matrices). The direct product D = sl(3, R)× SL(3, R) can be equipped with the group structure as follows:
The Lie algebra D of D is formed by pairs of elements of sl(3, R) written as φ ⊕ α with the commutator
There is a natural bi-invariant metric on D induced from an invariant bilinear form (., .) D on D = Lie(D):
The twisting automorphism κ is defined by
where T stands for matrix transposition. In order to establish that (D, κ) is indeed a twisted Heisenberg double, we have to identify two maximally isotropic subgroups. Here they are where s, χ ¡ , χ £ , χ j+ , χ 1− , χ 2− ∈ R are coordinates on B and ε is a parameter.
For the basis of D, we may choose It is easy to verify that it holds
The commutation relations of G = Span(T i ) are evidently those of the Lie algebra sl(3, R). It is important for us to give the complete list of (non-zero) commutators of B = Span(t i ). Thus we have
Let us choose a (nilpotent) subalgebra H of G = sl(3, R) spanned by T j+ . Thus the only non-zero commutator is
It is easy to find N ⊂ B such that H = N ⊥ : we have
It is the matter of direct check to verify that N is indeed an ideal in B. Therefore the (Heisenberg) group H consisting of upper-triangular real matrices with units on the diagonal is a good candidate for the Poisson-Lie subsymmetry. The corresponding cosymmetry group C has Lie algebra C = B/N and, by slightly abusing the notation, we can denote its basis by t j+ , j = 1, 2, 3. The non-zero commutators of C read
The cosymmetry group C can be most easily described in the dual way. Denote the coordinate fonctions as ξ j , j = 1, 2, 3. The coproduct reads
and the counit ǫ(ξ j ) = 0, j = 1, 2, 3.
The dual map ρ * : F un(C) → F un(B) reads
The Poisson-Lie bracket on F un(C) comes from that on F un(B), which, in turn, is given by (11) . The result of the computation reads
We observe that both symmetry group H and the cosymmetry group C are non-Abelian.
Let us now show that the (H, C)-Poisson-Lie subsymmetry is in fact improper. In order to see this, we first notice that the Heisenberg double D is non-decomposable since e.g. the element It is easy to identify the manifold M = O L ∩ O R . We find
where we have defined the sl(
The symplectic form on M can be computed from the explicit expression (22). The result of calculation is as follows
Note that the left and right-invariant Maurer-Cartan forms l G , r G can be written also as g −1 dg, dgg −1 since G = SL(3, R) is the matrix group. The explicit expression of the symplectic form ω M is quite illuminating in the sense that it explains why the constraints T r(J L E 3− ) > − 
u-deformed WZW model and its gauging
We begin this section by introducing a particular example of the deformation of the WZW model which was not discussed in [9, 10, 11] . Then we shall perform the symplectic reduction of this u-deformed WZW model with respect to a non-anomalous quasi-adjoint action submoment map which is a sort of combination of the moment maps constructed in Secs. 3.1 and 3.2. Finally, we shall argue why this quasi-adjoint symplectic reduction can be interpreted as the gauging of the deformed WZW model.
The u-deformation of the WZW model
It was conjectured in [9] and explained in detail in [11] that the standard WZW model [17] on a compact Lie group K is a dynamical system whose phase space can be identified with certain (decomposable) twisted Heisenberg double of a loop group LK. Moreover, the symplectic form of the WZW model is just the inverse of the fundamental Semenov-Tian-Shansky Poisson bivector (9) . The basic idea of the article [9] can be rephrased as follows: since the loop group LK may possess several different twisted Heisenberg doubles (D, κ), it makes sense to consider the dynamical system based on each of (D, κ) as a sort of generalized WZW model. The (twisted Heisenberg) double of the standard WZW model is distinguished among all other doubles of the loop group LK by the fact that the cosymmetry group B is Abelian. This circumstance is reflected by the fact that the standard WZW model has the ordinary Hamiltonian symmetry structure. On the other hand, the generalized WZW models have necessarily non-Abelian cosymmetry groups therefore their symmetry structure must be genuinely Poisson-Lie. Some generalized WZW models form naturally families parametrized by one or several parameters. Suppose we investigate such a family. If for a particular value of the parameters the corresponding generalized WZW model becomes the standard WZW model, we call the other members of this family the deformed WZW models.
Let us now describe a particular family of the deformed WZW models, which was not discussed in [9, 10, 11] . Thus K be a connected simple compact Lie group whose Lie algebra K is equipped with a non-degenerate Ad-invariant bilinear form (., .) K . Let LK be the group of smooth maps from a circle S 1 into K (the group law is given by pointwise multiplication) and define a natural non-degenerate Ad-invariant bilinear form (.|.) on LK ≡ Lie(LK) by the following formula
As the twisted Heisenberg double D we take the semidirect product of the loop group LK with its Lie algebra LK. Thus the group multiplication law on D reads
and the Lie algebra D of D has the structure of semidirect sum
Here φ, ψ ∈ LK are in the first and α, β ∈ LK in the second composant of the semidirect sum. The bi-invariant metric on D comes from Ad-invariant bilinear form (., .) D on Lie(D) = D defined with the help of (25):
The metric preserving automorphism κ of the group D reads
where k is an (integer) parameter. The maximally isotropic subgroups are
where u is a certain map from LK to the Cartan subalgebra T of LK. Let us now explain the construction of the map u: The group K is naturally embedded in LK as the subgroup consisting of constant loops. The maximal torus T of K is therefore the (Abelian) subgroup of LK and we call T = Lie(T ) the Cartan subalgebra of LK. Since we have the inner product (25) on LK we can define the orthogonal projector P 0 : LK → T . Let U : T → T be a skew-symmetric linear operator, i.e. it holds
We then define
It is easy to see that
hence the set B defined by (27b) is indeed the subgroup of D. Moreover, the condition (28) implies the isotropy of B in D.
It is a simple task to establish the decompositions D = κ(G)B and D = κ(B)G. Indeed, we have for every g ∈ LK, χ ∈ LK
Thus we can identify the moment maps
Now we use the formula (22) and write down the symplectic form ω u of the u-deformed WZW model:
(30) Here r LK = dgg −1 and l LK = g −1 dg stand for right and left-invariant MaurerCartan forms on the group manifold LK.
The role of the deformation parameter is played by the linear operator U. Indeed, if U → 0 the form ω u can be rewritten as
In the expression ω u=0 , we can recognize the symplectic form of the standard WZW model (cf. [9, 5, 2] ). We now complete the definition of the u-deformed WZW model by saying that it is a dynamical system with the phase space D, with the symplectic form ω u and with the following Hamiltonian
We note without giving proof that, in distinction to the q-deformation of the WZW model introduced in [9] , the u-deformation does preserve the conformal symmetry.
Let us study the symmetry structure of the u-WZW model. The group G = LK acts from the left as
and also from the right
We know (by construction) that both these actions are Poisson-Lie symmetries with the moment maps Λ L,R given by (29b). Now we are going to evaluate the (anomalous) Poisson brackets (12ab) of the moment maps. First of all we have to describe the structure of the cosymmetry group B in the dual language. The complexified algebra F un C (B) is generated by (linear) functions F α,n , F µ,n defined as
Here E α,n = E α e inσ and E α are the step generators of the complexified Lie algebra K C . On the other hand, H µ,n = H µ e inσ where H µ are the (orthonormalized) Cartan generators fulfilling the relations
where the coroot α ∨ is defined as
Obviously, E α,n , H µ,n , n ∈ Z is the basis of LK C . The (non-Abelian) group law on B is encoded in the coproduct, the antipode and the counit on F un C (B). From the Eqs. (26), (27b) and (32), it is not difficult to find out:
Because of the fact that χ † = −χ, the operation of the complex conjugation † on F un C (B) is given by
It can be then easily verified that
This means that ∆, S, ε descend from F un C (B) to F un R (B) making the latter the real cocommutative Hopf algebra dual to the real group B.
The Poisson-Lie bracket on F un C (B) can be obtained from the general formula (11):
It is easy to verify, that the Poisson-Lie bracket on F un C (B) verifies
hence it defines also the Poisson-Lie bracket on the real group B. Now we are ready to evaluate the anomalous Poisson brackets (12ab). We start with
In the formulae above, we note the anomalous terms proportional to k. They correspond to the matrices M ij κ and M ij κ −1 in (12a) and (12b), respectively. We remark, that the left and right brackets differ by the sign in front of k. This fact will be crucial for gauging the u-deformed WZW model in Sec 4.3. We have also underlined the defomation terms containing U. Thus the relations (33a) or (33b) can be referred to as those of u-deformed Kac-Moody algebra.
Knowing the symplectic structure of the u-deformed WZW models, we can compute other interesting Poisson brackets. The observables on D are functions of χ ∈ LK and g ∈ LK. Let as consider two functions φ(g), ψ(g), which do not depend on χ. Then we find directly from (6):
where T µ ≡ iH µ ∈ T ⊂ K. Note, that we have again underlined the udeformation term (the corresponding bracket of the standard WZW model vanishes). Finally, we have
Symplectic reduction: generalities
The symplectic reduction is the method of construction of new symplectic manifolds out from old ones. The simplest way of explaining the method relies on the dual language which uses rather the algebra of functions F un(M) on a symplectic manifold M than the manifold M itself. We note that the space F un(M) is the Poisson algebra, i.e. the Lie algebra compatible with the structure of the (standard commutative point-wise) multiplication on F un(M). The Lie commutator is nothing but the Poisson bracket {., .} M corresponding to a symplectic structure ω M on M and the compatibility condition is given by the Leibniz rule:
Let J be an ideal of the algebra F un(M) with respect to the ordinary commutative multiplication on F un(M) (typically, J is the ideal of functions vanishing on a submanifold N ⊂ M). Let J be also the Poisson subalgebra of F un(M), i.e. {J, J} ⊂ J. We can now construct a new Poisson algebraÃ defined as followsÃ
Note that the property {J, J} ⊂ J implies that J ⊂Ã. By construction, J is not only the ordinary ideal ofÃ but it is also the Poisson ideal, i.e. {Ã, J} M ⊂ J. Obviously, the factor algebra A r ≡Ã/J inherits the Poisson bracket fromÃ hence it becomes itself the Poisson algebra. If J is the ideal of functions vanishing on a submanifold N ⊂ M, then the algebra A r is nothing but the Poisson algebra of functions corresponding to some symplectic manifold M r . The manifold M r together with its corresponding Poisson bracket {., .} r (or, equivalently, with its symplectic form ω r ) is called the reduced symplectic manifold. If there is a Hamiltonian H on M such that H ∈Ã, its class inÃ/J is denoted as H r ant it is referred to as the reduced Hamiltonian.
The symplectic reduction is often put in relation with the actions of Lie groups on the non-reduced manifold M. It may even happen that the reader used to the group approach to the symplectic reduction did not recognize at first reading that his way of thinking about the reduction is just a particular case of the general algebraic definition presented above. We believe that it is worth to elucidate this point not only for pedagogical reasons. In fact, the group-based symplectic reduction will turn out to be in the core of our gauging of the u-WZW model. We shall work in the general Poisson-Lie setting, the standard Hamiltonian symplectic reduction (cf. [14] and references therein) will be the special case of our discussion when the cosymmetry group B is Abelian.
Suppose that there is a non-anomalous moment map µ : M → B realizing the (G, B)-Poisson-Lie symmetry of M (cf. the Definition 1 of Section 2.2). Due to the property (2b) of the Poisson-Lie bracket on F un(B), we know that the kernel of the counit Ker(ǫ) is the Poisson subalgebra of (F un(B), {., .} B ).
Since the moment map µ is non-anomalous, the pull-back µ * (Ker(ǫ)) is also the Poisson subalgebra of (F un(M), {., .} M ). Thus the role of the ideal J from the general definition above is played by the ideal of F un(M) generated by µ * (Ker(ǫ)).We denote it also by the letter J. In the situation just described, the resulting reduced symplectic manifold M r (corresponding to the reduced Poisson algebraÃ/J), can be easily "visualised". For this, let us suppose that the set P of points of M mapped by µ to the unit element e of the cosymmetry group B forms a smooth submanifold of M. It is not difficult to verify that the action of the symmetry group G (which is itself locally induced by the moment map µ) leaves P invariant. Let us moreover suppose that the G-action on P is free, or, in other words, that P is isomorphic to a principal G-bundle. Then the basis P/G of this G-fibration can be then identified with the reduced symplectic manifold M r . The restriction of the symplectic form ω on P becomes degenerated and the degeneracy direction of ω turn out to be nothing but the orbits of the gauge group G. Thus the symplectic form ω r is naturally induced from ω. Indeed, on each local trivialisation of the G-bundle P we can choose a slice. The restriction of ω on the slice is the reduced symplectic form ω r .
A particularly good situation occurs when the G fibration of P is topologically trivial. In this case, one can visualize the reduced symplectic manifold as the submanifold of P (and, hence, as the submanifold of the original symplectic manifold M). This can be done by choosing a global slice Q i = 0, where the functions Q i are in F un(M). In the usual terminology, the functions J i ∈ µ * (Ker(ǫ)) ⊂ F un(M) are called the first class constraints and the functions Q i their complementary second class constraints. The reduced symplectic manifold M r is now the common locus of all constraints J i = 0 and Q i = 0 and the reduced symplectic form ω r is the pull-back of the nonreduced form ω to the submanifold M r .
It is sometimes convenient to fix the gauge only partially. This means that it exists a slice Q γ = 0 (the subscript γ runs over a smaller set than the subscript i) which restricts the gauge freedom to some subgroup H ⊂ G. If we note by the letter L the common locus J i = 0, Q γ = 0 in M, the reduced symplectic manifold M r can be identified with the coset space L/H. The interest in such partial gauge fixing will be evident in the studies of the symplectic structure of the standard gauged WZW model and of its deformations. Indeed, as we shall see in the following section, there exists the partial gauge fixing for which the manifold L has a very simple left-right chiral symmetric description and the residual gauge group H is finite dimensional, compact and Abelian.
Symplectic reduction of the u-WZW model
We start this section by remarking that the twisting automorphism κ given by (26c) not only preserves the cosymmetry group B described in (27b) but it leaves invariant every element of B. This means that we can safely apply the Theorem 2 of Sec. 3. 
R . Now we are ready to make explicit the map w B L : F un(B) → V ect(D):
Recall that the symbol w B L (F α,n ) denotes the (complex) vector field on D corresponding to the Poisson-Lie Hamiltonian F α,n ∈ F un C (B). Similarly, we find
It is the matter of easy check that the vector fields w B L (F α,n ),w B L (F µ,n ) and also w B R (F α,n ),w B R (F µ,n ) generate the actions of the Lie algebra LK C on F un C (D). Moreover, it can be also seen that, by considering only the Poisson-Lie Hamiltonians from F un R (B), these actions get restricted to the actions of LK on F un R (D). It is not difficult to lift the LK actions just described to the LK actions. The resulting formulae are the special cases of the general formulae (20a) and (20b):
(35b) We notice that for U → 0 the cosymmetry group B becomes Abelian and the LK-actions (35a) and (35b) coincide and (as we have promised to show in Section 3.1) they become identical to the twisted adjoint action h ⊲ (χ, g) = κ(h)(χ, g)h −1 .
Let Υ be a subset of the set of all positive roots of the Lie algebra K C . Consider a complex vector space S C defined as
In the rest of this paper, we shall suppose that the subset Υ was chosen in such a way that the vector space S C is the Lie subalgebra of K C (as an example take the block diagonal embedding of sl 3 in sl 4 ). Obviously, the vector space
is the Cartan subalgebra of S C . The complex Lie algebra S C has a natural compact real form S consisting of the anti-Hermitean elements of S C . Consider the corresponding compact semi-simple group S and view it as the subgroup of K. We are now going to establish the conditions on the operator U which will guarantee that the action of the loop group LS on D via (35a) or (35b) is the Poisson-Lie subsymmetry.
Suppose that for all γ ∈ Υ, the operator U : T → T fulfils the following condition
where the subscript ⊥ stands for the orthogonal complement with respect to the restriction of the Killing-Cartan form (., .) K to T . It is then easy to verify that the set
is the normal subgroup of B. Consider the algebra of complex functions on the group C = B/N. As we have learned in Section 3.2, F un C (C) can be injected by the map ρ * into F un C (B). (Note that ρ * is the dual map to the projection homomorphism ρ : B → B/C.) It is easy to see that ρ * (F un C (C)) is spanned by the functions F γ,n , F ν,n where γ ∈ Υ and H ν ∈ T S . The normality of the subgroup N implies that the vector space ρ * (F un C (C)) is in fact the Hopf subalgebra of F un C (B). By using the explicit form of the Poisson-Lie brackets on F un C (B), it is straightforward to check that ρ * (F un C (C)) is also the Poisson subalgebra of F un C (B). It is moreover true that ρ * (F un C (C)) is †-invariant hence we conclude that ρ * (F un(C) is the Poisson subalgebra of F un(B). All that means that we can use the Lemma 3 of Section 3.2 to conclude that the action of the loop group LS on D via (35ab) is the Poisson-Lie subsymmetry. Our next goal is to gauge this (non-anomalous) subsymmetry, or, in other words, to perform the symplectic reduction with respect to it.
Consider the LS-subsymmetry moment map C L = ρ • B L , where ρ is the projection homomorphism from B to C = B/N. The first step of the reduction procedure consists in identification of the submanifold P L ⊂ D such that every point p ∈ P L is mapped by C L to the unit element of the group C. It is easy to see that
where γ ∈ ±Υ and ν is such that H ν ∈ T S . In physicists' terminology, the expressions
are the first class constraints since it is not difficult to verify that the Poisson brackets of the constraints among themselves as well as those of the Hamiltonian (31) with the constraints vanish on the constrained surface P L .
Now the u-deformed WZW symplectic form ω u restricted to P L becomes degenerated in the directions of the action of LS on P L . As we already know from Section 4.2, the reduced symplectic manifold M r can be identified with the coset space P L /LS. We now perform a partial gauge fixing (cf. the general discussion in Section 4.2) which will lead to very elegant leftright symmetric chiral description of the symplectic structure of the reduced symplectic manifold M r . For this, we first study the action of LS on D given by the formula (35a). By using the formula (7a), we rewrite it as follows
(38) It is convenient to decompose χ as χ s + χ p , where χ s ∈ LS ans χ p ∈ LS ⊥ . We thus see from Eq. (38) that χ s and χ p do not mix under the action of s. We know that every χ s can be brought by some s to an element of the finite dimensional Cartan subalgebra T S (cf. [9] , Theorem 3.6). Having in mind the definition (29a) of J L , this leads to the following natural slice on D:
where ν is such that H ν ∈ T S . This slice is partial (it corresponds to the slice Q γ = 0 in the general discussion of Sec. 4.2). Indeed, the residual gauge group H is the normalizer of the Cartan subalgebra T S and, as the discussion before the Theorem 3.6 of [9] implies, the finite-dimensional Cartan torus T S is the normal subgroup of H. (In fact H/T S is nothing but the affine Weyl group of LS). The constraints (37) and (39) can be now rewritten in a U-independent way as
where ν is such that H ν ∈ T S . The constraints (40) define the submanifold L ⊂ D and the reduced symplectic manifold M r can be identified with the space of cosets L/H.
The similar discussion can be performed also with the moment map C R = ρ • B R . The first class constrained manifold P R is
where n ∈ Z, γ ∈ ±Υ and ν is such that H ν ∈ T S . The partial slice on D is
where ν is such that H ν ∈ T S . The constrains (41) and (42) can also be rewritten in the U-independent way as
We thus see that the symplectic reduction based on the moment map B R gives the same result as the one based on B L . This happens inspite of the fact that w C L and w C R induce the different actions of the gauge group LS on D.
Our next task will be the description of the symplectic form ω r on M r . Actually, we shall describe the pull-back of the original Semenov-Tian-Shansky form ω u on D to the submanifold L ⊂ D. We again use the Theorem 3.6 of [9] which permits us to parametrize the Heisenberg double D by means of two elements g L , g R of LK and one element µ of the Weyl alcove A K in the Cartan subalgebra T K ⊂ K:
Here e LK is the unit element in LK. The Semenov-Tian-Shansky form ω u given by (30) gets rewritten in the new variables as follows
Before giving the interpretation of the reduced symplectic manifold in terms of the deformed gauged WZW model, let us first study the residual gauge symmetries of the formω u . We recall that the residual gauge group H is the normalizer of the Cartan algebra T S . We can make it smaller by further gauge fixing. Thus we suppose that the variable J 
Indeed, replacing g L,R by t S g L,R in (45), the formω u transforms as It is important to stress that the parametrization (44) of the double D via the variables µ, g L , g R gave rise to another gauge symmetry of the formω u which is related to the ambiguity of the chiral decomposition (xy). Indeed, if we pick arbitrary element t K from the Cartan torus T K then it holds (χ, g) = κ(0, g L )(µ, e LK )(0, g R )
This means that the full residual gauge group of the formω u is T S × T K acting as
The reader may find strange that we have somewhat artificially augmented the residual gauge symmetry of the Semenov-Tian-Shansky form ω u by expressing it in the new ambiguous variables µ, g L , g R . However, the benefit of this parametrization consists in the fact that in the formω u the variables g L and g R get disentangled. The formω u is defined on the manifold LK × A K × LK and its pull-back on D via the map (44) gives the SemenovTian-Shansky form ω u . Obviously, it holds D = (LK × A K × LK)/T K . We conclude this section by an observation, that the Hamiltonian (31) of the u-WZW model descends to the reduced Hamiltonian H r (cf. the general discussion in Section 4.2). Thus our symplectic reduction has produced a new dynamical system (M r , ω r , H r ) that will be interpreted in the next subsection as the deformed gauged WZW model.
Interpretation
Among two-dimensional field theories, a privileged position is occupied by non-linear σ-models that describe the propagation of closed strings on a Riemannian manifold T . The manifold T is often referred to as the target space and it comes also equipped with a closed 3-form H. The classical action for a closed string configuration x µ (σ, τ ) reads
where σ is a periodic loop parameter, τ the evolution parameter, x µ are coordinates on T , G µν are the components of the Riemannian metric and
It should be noted that the configuration x µ (σ, τ ) is extended to a configuration defined in the volume V whose boundary is the surface of the propagating closed string and x * H is the pull-back of the H-potential to this volume V . A detailed explanation why the variational principle based on the action S does not depend on the ambiguity of the extension of x is given e.g. in [17, 6, 12] . The prominent example of the non-linear σ-model is the WZW model for which the target space is the compact group manifold K and the action reads
Let S be a subgroup of K as in the section 4.3 and let A ± (σ, τ ) be two S-valued fields. The gauged K/S WZW model is then a dynamical system described by the following classical action
The action S GW ZW is invariant with respect to gauge transformations g(σ, τ ) → s −1 (σ, τ )g(σ, τ )s(σ, τ ),
where s(σ, τ ) takes values in the subgroup S.
The gauged WZW model is a dynamical system and its symplectic structure has been thoroughly investigated e.g. in Sec. 3.2 and in Appendix A of [7] . We report here Gawȩdzki's results in the language of the left-right movers, by considering maps m L , m R :
where µ is in the Weyl alcove of T K and ν in the Weyl alcove of T S . The symplectic form of the gauged WZW model is then given by the following expression (cf. Eq. (A.1) of [7] ) In writing the form ω K/S , we have switched from Gawȩdzki's notations to ours (e.g. we have used (., .) K instead of Tr(., .) etc.), nevertheless ω K/S still does not quite resemble our reduced formω u=0 . In fact, we should note that Gawedzki's chiral movers are quasiperiodic (cf. (47b)) while we use the periodic fields g L,R (σ). Indeed, if we perform a transformation 
and the form ω K/S transforms to
(49) It is not difficult to find out that for U = 0 the form (49) becomes the formω u=0 given by (45) and the constraints (48) become, respectively, the constraints (40).
We observe that the symplectic reduction of the u-WZW model for U = 0 gives the standard gauged WZW model. Therefore, if we switch on a nontrivial U, we interpret the reduced theory as the u-deformed gauged WZW model.
Conclusions and outlook
In the present paper, we have presented a thorough discussion of the gauging of the deformed WZW models. After the general derivation of the quasiadjoint actions (20a) and (20b), which are to be gauged in general case, we have worked out the u-deformed WZW model as an example. Moreover, in Sections 3.2 and 3.3, we have also introduced the moment maps ρ • Λ L,R which can be used for deforming the procedure of the null gauging of the WZW models [4, 13] .
The main open issue concerning the deformed WZW models is the quantization. Since we dispose of the rather explicit description of the Poisson brackets of the deformed WZW models (cf. Section 4.1) it seems to be doable to identify the operator algebra of the quantum deformed model and also the unitary representations of this algebra. What seems to be more difficult, however, is to extract from the deformed WZW theories general axioms of the deformed vertex algebras. We find this problem exciting and we wish to deal with it in future.
